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ABSTRACT

Coalition formation concerns strategic collaborations of selfish
agents that form coalitions based on their preferences. It is often as-
sumed that coalitions are disjoint and preferences are fully known,
which may not hold in practice. In this paper, we thus present a
new model of coalition formation with possibly overlapping coali-
tions under partial information, where selfish agents may be part
of multiple coalitions simultaneously and their full preferences are
initially unknown. Instead, information about past interactions and
associated utility feedbacks is stored in a fixed offline dataset, from
which we aim to efficiently infer agents’ preferences. We analyze
the impact of diverse dataset information constraints by studying
two utility feedback models: semi-bandit (agent-level) and bandit
(coalition-level) feedbacks. For both models, we identify assump-
tions under which the dataset covers sufficient information for an
offline learning algorithm to infer preferences and use them to re-
cover a partition that is (approximately) Nash stable, i.e., no agent
can improve her utility by unilaterally deviating. We also aim to de-
vise algorithms with low sample complexity, requiring only a small
dataset to obtain a desired approximation to Nash stability. Un-
der semi-bandit feedback, we provide a sample-efficient algorithm
proven to obtain an approximately Nash stable partition under a
sufficient and necessary assumption on the information covered
by the dataset. Yet, under bandit feedback, we show that only a
stricter assumption is sufficient for sample-efficient learning. Still,
in multiple cases, our algorithms’ sample complexity bounds have
optimality guarantees up to logarithmic factors. Finally, extensive
experiments show our algorithm’s approximation to Nash stability.
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1 INTRODUCTION

In a large consulting firm, managers must assign consultants to
upcoming client projects across various domains (e.g., finance, logis-
tics). A consultant may work on multiple projects, one per domain.
The compatibility between consultants depends on the domain, e.g.,
two employees may collaborate efficiently on logistics, but clash in
finance due to differing approaches. However, the managers do not
have full access to employees’ preferences over team compositions.
Testing new team structures through trial projects is also infeasi-
ble due to the financial and organizational costs of reassignments,
client-facing risks, and time constraints. Instead, managers rely on
a fixed dataset of historical project outcomes and post-project peer
evaluations. Based only on this limited, pre-collected information,
they aim to assign consultants to teams that align with their true
but unknown preferences, ensuring no one would prefer to switch
groups unilaterally. Such scenarios and many other real-world cases
exemplify coalition formation, where agents perform activities in
coalitions rather than on their own, and the challenge is forming
coalitions that satisfy some desired criteria.

A popular model for studying coalition formation is that of he-
donic games [24], whose outcome is a set of disjoint coalitions
(hereafter, partition). The desirability of partitions is often evalu-
ated in terms of various concepts of single-agent stability based on
agents’ preferences [2, 9], where no agent benefits from leaving her
current coalition to join another one on her own. A common such
notion is Nash stability, where no agent can increase her utility by
unilaterally deviating (e.g., no consultant can improve by changing
teams unilaterally). In the hedonic games literature, agents express
preferences only for coalitions they are part of while disregarding
inter-coalitional relationships, and these preferences are typically
assumed to be fully known when computing stable partitions. Yet,
both assumptions may not hold in many real-life scenarios, as in
our consulting firm example.

In this paper, we thus introduce and study a new framework of
coalition formation with possibly overlapping coalitions in partial
information settings, where selfish agents may join several coali-
tions concurrently, following either mixed or pure strategies, while
their full preferences are initially unknown. Instead, we only have
partial knowledge about past interactions and corresponding utility
feedbacks, which is stored in a fixed offline dataset. The dataset is
collected in advance, without further interactions within the envi-
ronment, reflecting real-life settings where active interactions may
be costly and risky, like in our consulting firm example. Our goal is
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to maximally exploit the available dataset to efficiently infer agents’
preferences. We exhibit our results for additively separable and sym-
metric preferences [8], where any pair of agents assigns the same
cardinal utility to one another, and an agent’s utility for her chosen
coalitions is the sum of her utilities from their members. However,
agents’ mutual utilities for one another may vary across different
coalitions, reflecting real-world cases such as our consulting firm
example, where a consultant may benefit more from another peer
in one domain than in another. Symmetric preferences are real-
istic in reciprocal interactions like friendships, as widely studied
in friend-oriented hedonic games [23, 28]. Further, our results for
mixed strategies readily extend to asymmetric preferences, where
agents may value each other differently, but extending our analysis
for pure strategies may be generally infeasible (see Remark 2).

Many realistic scenarios differ in the type and granularity of
utility information available in the dataset. We thus explore the
effect of different information constraints by studying two forms of
utility feedbacks that can be stored in the dataset. Specifically, we
examine semi-bandit utility feedbacks, where agent-level utilities
are available for each agent’s interactions with other members of
her chosen coalitions. We also analyze bandit feedback settings
with less granular utility information, where we can only observe
coalition-level utility feedbacks about each agent’s overall utility
from her chosen coalitions.

Contributions. In both semi-bandit and bandit feedback set-
tings, we characterize assumptions under which the dataset covers
sufficient information for an offline learning algorithm to deduce
agents’ preferences and use them to construct an outcome that
is (approximately) Nash stable. Under those assumptions, we de-
velop algorithms with low sample complexity, requiring only a small
dataset to reach a desired approximation to Nash stability. In semi-
bandit feedback settings, we design a sample-efficient offline learn-
ing algorithm that attains an approximately Nash stable outcome
under a minimal assumption on the information covered by the
dataset. Our assumption is sufficient and necessary, as we prove
that no weaker assumption enables efficient learning of an approx-
imately Nash stable outcome, regardless of the dataset size. Intu-
itively, we require that the dataset reflects the partitions that may
form through unilateral deviations. For instance, in our consulting
firm example, if a unilateral deviation would result in a finance team
of a certain size, then the dataset should include some past project
outcomes with a finance team of that same size. However, under
bandit feedback, we show that only a stricter assumption is suffi-
cient for sample-efficient learning of an approximately Nash stable
outcome. Specifically, for any agent and any unilateral deviation of
that agent from some Nash stable outcome, the stricter assumption
requires that the dataset is at least as informative as a sufficiently
large dataset generated according to the outcome of that deviation.
In many cases, our algorithms’ sample complexity bounds have
optimality guarantees up to logarithmic factors. Finally, extensive
experiments confirm that our algorithms consistently reaches a low
approximation to Nash stability in a variety of settings.

2 RELATED WORKS

Hedonic games have been presented by Dréze and Greenberg [24],
and later expanded to the study of various notions of stability,
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fairness, and optimality (see, e.g., [2, 44]). Highly related to our work
are additively separable hedonic games (ASHGs) with symmetric
preferences [8], where many works evaluate the system by means
of Nash stability [1, 5, 6]. Particularly, Bogomolnaia and Jackson
[8] proved that Nash stable partitions may not exist in general
ASHGs, while Sung and Dimitrov [40] showed that checking if
an instance admits such a partition is NP-complete in the strong
sense. In contrast, ASHGs with symmetric preferences admit a
Nash stable partition due to a potential function argument [8], but
computing such partitions is PLS-complete [28]. However, while
hedonic games do not allow agents to be part of several coalitions,
our model captures realistic cases where agents can join multiple
coalitions, which thus may overlap.

Shehory and Kraus [35, 36] introduced the first model of over-
lapping coalition formation for handling task allocation, which was
later followed by additional works on task-oriented applications
(see, e.g., [22, 32, 47, 48]). However, this line of research aims to
find (approximately) optimal coalition structures, while we analyze
the system by means of stability. Though the group stability notion
of the core has been examined in cooperative games with overlap-
ping coalitions (see, e.g., [10, 25, 52, 53]), we explore Nash stability,
which is based on single-agent deviations. Further, all above works
on overlapping coalition formation typically allow arbitrary mon-
etary transfers, i.e., the payoff or resources of a coalition can be
distributed arbitrarily among its members. Conversely, monetary
transfers are unavailable in our context, as we consider games with
non-transferable utilities.

However, the above works on hedonic games and cooperative
games with overlapping coalitions unrealistically require that the
agents’ preferences are fully known when computing stable par-
titions. To tackle this issue, several studies have examined PAC
learning in those domains [4, 26, 30, 39], using samples to learn
agents’ preferences and a core-stable partition, where no subset of
agents can improve their utility by regrouping into a new coalition.
Yet, while they focus on the group deviations, we study single-agent
deviations by analyzing the system in terms of Nash stability. Re-
cently, Cohen and Agmon [14, 15, 16, 17, 18, 19] and Cohen [11]
proposed online and online learning variants of coalition formation.
In online learning of coalition structures, agents initially lack pref-
erence knowledge and form coalitions based on preferences learned
through active interactions. While Cohen and Agmon [17, 19] an-
alyze Nash stability in online settings, we assess Nash stability in
offline scenarios where active interactions are costly or risky. In-
stead, agents’ preferences are inferred from a fixed, pre-collected
dataset without further interactions.

Our work is also closely related to offline reinforcement learning
(RL), aiming to learn an optimal policy from a dataset collected a
priori without further interactions with the environment. A key
challenge in offline RL is the insufficient coverage of the dataset [43],
arising from the lack of continued exploration [41]. To address this
challenge, existing studies presented various assumptions on the
sufficient coverage of the dataset in both single-agent settings [31,
34, 42, 46] and multi-agent settings [38, 49, 50]. Recently, minimal
assumptions for offline zero- and general-sum games have been
identified [20, 21, 51], together with algorithms for learning a Nash
equilibrium. However, their sample complexity scales with the
number of actions each agent can take, which may be exponential
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in the number of agents in our setting. In contrast, our proposed
assumptions allow for algorithms that remove this exponential
dependency, while attaining sample complexity with optimality
guarantees (up to logarithmic factors).

3 PRELIMINARIES

We consider a possibly overlapping coalition formation (POCF)
game G = (N, {A;}ien), defined as follows. We are given a finite
set N = {1,...,n} of n selfish agents with unknown preferences.
Hereafter, we denote [k] := {1,...,k} for k € Nand [0] = {0}. We
focus on realistic scenarios where the number of coalitions may
be constrained. For an integer k > 1, each agent can join one of k
candidate coalitions. In our consulting firm example, this can be
thought of as if each consultant picks which rooms to enter among
k rooms. Thus, in our setting of possibly overlapping coalitions,
the action space of each agent i is denoted by A; € P([k]) \ {0},
where P ([k]) is the power set of [k] and each action a; € A; is a
subset of at most k candidate coalitions that agent i can join, where
a; # 0 (i.e., agent i always decides to join some coalition). Note that,
if |a;| < 1 for any agent i and any action a; € Aj;, then each agent
can participate in at most one coalition, in which case coalitions
are disjoint; otherwise, coalitions may overlap.

Each agent i can join certain coalitions among k candidate ones
following a mixed strategy ¢; € A(A;), where A(A;) is the prob-
ability simplex over Aj;, ie., for any a; € A;, agent i joins the
candidate coalitions in a; with probability ¢;(a;) € [0, 1]. Letting
A =[], A; be the joint action space, each agent i can then sam-
ple an action a; € A; from ¢; independently from other agents,
forming a joint action a = (a;);e n. Similarly, let ¢ = (¢;);e n be the
agents’ joint mixed strategy. The constructed joint action a induces
a partition of the agents 7% = (C}),c(x] With possibly overlapping
coalitions, where, for any ¢ € [k], C is the set of agents joining
the fth candidate coalition, i.e., c = {i € N : t € a;}. For any
¢ € [k], if no agent joins the ¢th candidate coalition (i.e., £ ¢ a; for
any agent i), then this coalition is empty. Thereby, we denote by
|7?| the number of non-empty coalitions in 7?. We also denote the
coalitions in 7% containing agent i as 7*(i).

Afterwards, we can derive each agent’s utility from her chosen
strategy, determined by aggregating her utilities resulting from
interactions with other agents. We focus on POCF games with addi-
tively separable and symmetric! valuations in each coalition, where
the utility that any pair of agents derives from their interaction
within that coalition is equal, indicating the intensity by which
they prefer each other to another agent. However, their mutual
utilities from each other may differ across different coalitions. This
captures real-life scenarios, such as our consulting firm example,
where a consultant may benefit more from another one in one
domain than in another. An agent’s utility from her chosen coali-
tions is then the sum of her utilities from other members of those
coalitions. As common in the literature (see, e.g., [27]), we assume
that agents’ utilities are within [—1, 1]. Recall that preferences are
unknown and even the agents themselves may not be aware of
them. Thus, supposing a joint action a is chosen by all agents, the

!As noted in Section 1, our results for mixed strategies naturally extend to asymmetric
preferences, yet this is generally infeasible for pure strategies (see Remark 2).
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uncertainty about the mutual valuations resulting from their in-
teractions within the ¢-th candidate coalition is captured by an
unknown and fixed distribution D£ j(~|a) over [—1,1] with mean
di{ ; for any pair of distinct agents i, j, which we aim to learn. The
mutual utility UE,— of agents i, j that results from their interac-
tions in the ¢-th candidate coalition according to a joint action a is
then independently drawn from Z){ j(-|a), We use the convention
that Uﬁi = d{i = 0 for any agent i. Thus, for any joint action a
sampled from a joint mixed strategy ¢, if agent i decides to join
some candidate coalitions in g;, then her utility from the induced
partition 7% = (C3)se (k] 18 0i(a) = X yeq, Zi#jecg zzﬁ]., whose mean
isdi(a) = Yyeq; Z#]—eC; dﬁj. Agent i’s utility from her strategy ¢;
is thus defined as V;(¢) := Ea~y[d;(a)].

3.1 Nash Stability in POCF Games

Each agent joins a coalition with the goal of maximizing her own
utility. We thus want to study stability und er single agents’ in-
centives to deviate between coalitions. When agents play pure
strategies, each agent i’s strategy is joining certain candidate coali-
tions by only picking some action a; € A;. Let a_; = (a;);z; be
the joint strategy of all agents except for agent i. Agent i can then
deviate by moving from her selected coalition to another one with
index a; € A;, which is a Nash deviation if it improves her utility,
ie, Vi(a_;a}) > Vi(a_;, a;). We also study mixed strategies, where
we consider the other notion of mixed Nash deviations. Consider the
joint strategy ¢. Letting _; = (¢;)jz; for any agent i, agent i may
perform a (mixed single-agent) deviation from her strategy ¢; to
another strategy ¢; € A(A;), which is a mixed Nash deviation
only if it immediately makes her better off, i.e., V;(¢_;, ;) > Vi(¢).
Hence, a (pure or mixed) joint strategy for which no Nash deviation
is possible is said to be Nash stable (NS), or a Nash equilibrium.

Our POCEF class of coalition formation games generalizes the
well-known class of symmetric additively separable hedonic games (S-
ASHGs) [8]. Indeed, consider cases where the number of coalitions
is unconstrained (k = n), and each agent can join exactly one of
the n candidate coalitions (i.e., A; = {{f}},e[n] for any agent i).
We thereby obtain S-ASHGs. For S-ASHGs under pure strategies,
the existence of a Nash stable outcome is guaranteed by potential
function argument [8]. Next, we show that our class of symmetric
POCF games are also potential games, establishing that they always
admit at least one pure (and hence mixed) NS strategy. Pure NS
strategies need not be unique (e.g., if all agents assign zero utility
to one another, then any pure strategy is Nash stable).

LEMMA 1. A symmetric POCF game with unknown, symmetric
preferences is a potential game. Therefore, any symmetric POCF game
always admits at least one pure (and thus mixed) NS strategy.

PROOF. (Sketch) Consider a joint mixed strategy ¢. Given a joint
actiona ~ ¢,1in [12, Appendix A] we prove that ®(a) = % Dienvi(a)
is a potential function for pure strategies, as ®(a_;, a;) —®(a_;, a}) =
vi(a_;,a;) —vi(a_;, a}) for any agent i playing some action a; # a;.
Similarly, slightly abusing notation, ®(¢@) = 3 Y;c v Vi(¢) is a po-
tential for mixed strategies as ®(¢_;, p;) —P(@p_;, ¢;) = Vi(p_i, ¢i)—
Vi(@-i, ¢;) for any agent i playing another strategy ¢; € A(A;). O
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In S-ASHGs with pure strategies, computing NS strategies is PLS-
complete [28]. As S-ASHGs are a special case of our model, this
PLS-completeness extends to symmetric POCF games by Lemma
1. We thus also consider an approximate notion of Nash stability.
For a joint strategy ¢, agent i’s best response to the other agents’
strategies is a Nash deviation given by a strategy ¢/ satisfying
VX (9-i) = Vi(p_i, §F) = maxgen(a,) Vi(@-i, ¢). We measure the
worst agent’s local gap between the expected utilities she gets from
her best response and her current strategy by ¢’s duality gap:

Gap(g) := maxien [V (9-i) = Vi(9)] @
Hence, for any ¢ > 0, the agents’ joint strategy ¢ is e-approximate

Nash stable (e-NS) if no agent can improve her gain by more than
¢, ie, Gap(@) < e. If Gap(¢@) = 0, then ¢ is exactly Nash stable.

REMARK 1. If{¢} € A, for any { € [k] and any agent i, consider
the mixed strategy @; where each agent treats all candidate coalitions
as equally desirable, i.e., p;({t}) = ¢ for any ¢ € [k]. Clearly, this
is an exact mixed NS strategy, but it ignores the agents’ preferences
entirely, which is unrealistic in practical scenarios as agents often act
strategically based on their own preferences, not arbitrarily. Instead,
our framework aims to learn preference-aligned mixed NS strategies
that reflect real-life behavior by accounting for agents’ incentives.

3.2 Offline Learning in Coalition Formation

In the offline version of our model, we have access only to a fixed
dataset S = {(a™,v™)}M_ of M samples independently? drawn
from a possibly unknown exploration policy p € A(A), where a™
is a joint action sampled from p and v""* comprises utility feedbacks
resulting from the partition induced by a™. In particular, no further
sampling from p is allowed. We say that a joint action a is covered
by the exploration policy if p(a) > 0. We study the following two
utility feedback models, ordered by decreasing level of granularity:

(1) Semi-bandit feedback, capturing scenarios where we can
observe agent-level feedback about each agent’s utilities from
her interactions with any other member of her chosen coali-
tions, i.e., for any m € [M], each agent i and any ¢ € al",
we attain her realized utility vi’;" for each agent j # i in

the ¢-th candidate coalition Cj,‘m formed by a™, yielding
V= {vi(;’jm}iEN,leal'.",i#jEC?m'

(2) Bandit feedback, reflecting cases where we can only ob-
serve coalition-level feedback about each agent’s overall
utility from her coalitions. Namely, for any m € [M] and
each agent i, we only obtain agent i’s utility from the parti-
tion induced by a™ (i.e., v;(a™)), with no information about
the individual utility Ui’;ﬂ assigned to any agent j # i, i.e,
v ={vi(a™) tien-

Under each feedback model, our goal is identifying conditions
under which the dataset covers sufficient information for an offline
learning algorithm to learn preferences and use them to recover an
&-NS joint strategy that aligns with the true preferences. We term
such assumptions as (dataset) coverage assumptions. Particularly,

Independence is a standard assumption in offline learning (e.g., [20, 21]), where the
goal is to learn from a fixed dataset rather than model its temporal generation. In our
setting, this is also practical: for statistical analysis, data can be treated as i.i.d. samples
from an exploration policy, even if it was generated sequentially. Standard subsampling
methods (e.g., [20]) can alleviate temporal correlations to enforce independence.
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Algorithm 1 Surrogate Minimization in POCF Games
Input: An offline dataset S = {(a™, vm)}fn’le.

1: Construct 9; and bf for any agent i based on S.
2: Return an approximate solution ¢°"" to:

max [V (p_1) - V2(g) ©)

min
@e[liL, A(A;) 1eN

where V,—((p),zf (9), V?’a((p,i) are as in (3)-(4).

our goal is devising algorithms with small duality gap and low
sample complexity, i.e., such algorithms find an ¢-NS strategy
for a small ¢ > 0 using a number of samples that is small in its
dependency on the number of agents n and 1/e.

3.3 Surrogate Minimization in POCF Games

In Algorithm 1, we present a general algorithmic framework for
learning NS strategies in offline symmetric POCF games that will be
used throughout our work. To simplify the discussion, we mainly
focus on learning NS mixed strategies. Later, in Section 4.2.2 and
Footnote 5, we explain how Algorithm 1 can be adapted for learning
NS pure strategies. Algorithm 1 relies on a utility estimator v; :
A — R for each agent i, which estimates her mean utility from the
partition induced by a sampled joint action a € A via 9;(a) (line 1).
It also exploits an exploration bonus, introducing conservatism into
the learning process. Formally, for any agent i and some confidence
level § € (0,1] capturing the degree of certainty, b? A - Ris
an exploration bonus for the utility estimator ¢; if the following
holds with probability at least 1 — & for any joint action a € A:

|di(a) — d:(a)| < bi(a) @)
The specific expression for 9; and b? may vary based on the utility
feedback model, as we will discuss in the remainder of the paper. In
any case, we can define the upper confidence bound (UCB) and the
lower confidence bound (LCB) of agent i by Ef(a) =0;(a) + bf(a)
and g?(a) =0;(a) — b?(a), respectively. They allow us to construct
optimistic and pessimistic estimates of the expected utility obtained
by each agent i from a joint strategy ¢, given by (respectively):

Vi (@) =Eayl®®@] , V() =Eaplo’@]  (3)

For a joint strategy ¢, agent i’s optimistic best response to others’
strategies is a Nash deviation given by a strategy ¢ that satisfies:

—x,0 =5 =5

Vi (p-i) =V (p-i,47) = pomax Vi(p-i.9) 4)
Algorithm 1 uses (4) to estimate the true duality gap in (1) via
—5 —*5 . .
Gap () := maxieN[V: (¢-i) — V°(9)], for which it then com-
putes an approximate minimizer (line 2). Namely, Algorithm 1 finds
a joint mixed strategy °"" that solves (6) up to eqpi-optimality (e.g.,
by standard coordinate-descent schemes, as detailed in Section 6)*:

®)

The intuition behind considering the above estimates is that they
serve as surrogates for the true duality gap. Formally:

@5((#"“) < min,, @6(@ + Eopt

3Solving (6) exactly is generally infeasible, as computing NS outcomes is PLS-complete,
even under full information [28].
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LEMMA 2. For any § € (0,1] and any joint strategy ¢: Gap(¢) <
—5 —5
Gap (¢) and Gap(¢®™) < min, Gap () + €opt With probability at
least 1 — 8, where ¢°* is the joint strategy produced by Algorithm 1.

Proor. (Sketch) By (2) and (3), Zf((p) < Vi) < V?((p) holds
with probability at least 1 — §. In [12, Appendix B], we show that
this easily implies the desired due to (1). O

Next, we supply a general upper bound on the duality gap of the
joint strategy ¢°"* produced by Algorithm 1, which serves as a key
tool in deriving our main results.

THEOREM 1. Let T be the set of all deterministic joint strategies,
b? be an exploration bonus for the utility estimator 0; of any agent
i for any § € (0,1] and consider some NS (possibly mixed) joint
strategy @*. Then, under each feedback model, the duality gap of
the joint strategy ¢°"* produced by Algorithm 1 is upper bounded as
follows with probability at least 1 — § (which directly translates into
Algorithm 1’s approximation guarantees for Nash stability):

t 5 S
Gap(p°™) <2 max | max Ea(gp* o)) [07 (2)] + Eqegn [ (a)]

+ eopt

PRrOOF. (Sketch) In [12, Appendix C], we first prove that (2)-(3)
imply that V;(¢) —Z? (¢) and V? (¢)-Vi(¢) are at most 2E,, [b;s (a)].
As V? (¢—-i, ¢i) and Z?((p) are both linear in each entry of ¢ and ¢; €

A(A;) for any agent i, the maximum of max;e [X_/'?((p_i, ¢i) — Zf (q))]

over all joint strategies ¢ € [, A(A;) is obtained at a vertex, i.e.,a
pure joint strategy. Combining the above with (1), Lemma 2 and the
fact that @* is an NS (possibly mixed) joint strategy: Gap(¢°"!) <
Gap(*)+2 maxic y [maxger By (g po) [0 (2)] +Eq-gr [62 (2)]]+
€opt- We then obtain the desired from Gap(¢*) = 0. o

REMARK 2 (ASYMMETRIC PREFERENCES). Though we focus
on symmetric preferences mainly to reduce the valuation space and
simplify exposition, our results for mixed strategies easily extend to
asymmetric preferences (e.g., under semi-bandit feedback, this only
doubles the number of utility estimates per agent pair). Yet, extending
our analysis for pure strategies to asymmetric preferences is generally
neither theoretically justified nor tractable. Namely, symmetric POCF
games always admit a pure NS outcome (Lemma 1), but asymmetric
ones may not, and deciding existence is strongly NP-complete [40].

4 SEMI-BANDIT FEEDBACK

For semi-bandit feedback settings, we herein derive a necessary
and sufficient dataset coverage assumption (Section 4.1), under
which we devise an offline learning algorithm with low duality gap
and a sample complexity bound with optimality guarantees up to
logarithmic factors (Section 4.2).

4.1 The Coalition Size Coverage Assumption

Under semi-bandit feedback, we obtain each agent’s individual
utility from interacting with every member of her chosen coali-
tions. This motivates us to require that the dataset covers the kinds
of partitions that could arise from agents unilaterally deviating.
Specifically, for any ¢ € [k], if the £-th candidate coalition formed
by some unilateral deviation from a single NS strategy ¢* has size
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m € [k], then the dataset should contain at least one joint action in
which the ¢-th candidate coalition also has size m. The key intuition
is as follows. For any joint action a € A sampled from some joint
strategy ¢ and coalition C € 72, consider a unilateral deviation of
some agent i. If i € C, then agent i may either remain in or leave C
after she deviates. Otherwise, if i ¢ C, then agent i may either join
C or stay out after deviating. Thus, each unilateral deviation affects
coalition sizes by either increasing or decreasing them by 1, or
leaving them unchanged. This allows us to reason about candidate
coalitions and their sizes by considering only such deviations.
Formally, for any joint strategy ¢, £ € [k] and coalition size
a € [n]U{0}, let d;p(a) = Zaeﬂﬂcﬂza ¢(a) be coalitional overall
density of the ¢-th candidate coalition, where df () is defined
similarly for the exploration policy p. Our assumption is then:

AssuMPTION 1 (COALITION S1ZE COVERAGE). There exists an
NS joint strategy* @* such that, for any agent i, any £ € [k] and any
coalition size a € [n] U {0}, if there is a strategy ¢; € A(A;) with

a1 (@) > 0, then d” (a) > 0.

REMARK 3. There are realistic scenarios where Assumption 1 can
be easily verified. For instance, it is always satisfied by an exploration
policy that samples joint actions uniformly at random, as such a
policy covers all coalitions sizes. Datasets generated by this policy
reflect early exploratory behavior, where agents lack prior knowledge.

We thus measure how well the dataset covers all coalition sizes
through unilateral deviations from a joint strategy ¢ via the coali-
tion size coefficient, which is defined by:

d;P_i Pi ( a)

max — (7)
ieNote[kl.gieA(A ) aen]U{0}:d? (a)>0  d (@)

¢ _
Csize =
Next, we prove that Assumption 1 is necessary, i.e., no weaker

assumption enables efficient learning of an approximate NS mixed
strategy with a small duality gap, regardless of the dataset size.

THEOREM 2. Let G be the class of all pairs (G, p) consisting of a
POCF game G and an exploration policy p satisfying Assumption 1,
except for at most one coalition size & € [n] U {0}. Then, for any
algorithm ALG with semi-bandit feedback, there is (G, p) € G such
that any joint strategy ¢ produced by ALG satisfies Gap(¢p) > % for
the POCF game G, regardless of the dataset size.

PRrOOF. (Sketch) In [12, Appendix D], we construct two symmet-
ric POCF games G; and G; with 6 agents whose utility distributions
are deterministic, where the number of coalitions is at most 2 (i.e.,
k = 2), the action space of each agent is {{1}, {2}} and both games
share the same exploration policy p. In the first game G, there are
two types of pure NS joint strategies, which consist of all strategies
where either only 2 agents join the first candidate coalition or the
grand coalition is formed within that coalition (i.e., all 6 agents
join the first candidate coalition). In the second game G, there is
only one type of pure NS strategies, comprising all strategies where
only 5 agents join the first candidate coalition. For both games, we
construct the same exploration policy p, which picks a joint action
uniformly at random from the set of all joint actions where the first

4As we focus on symmetric POCF games, they always admit a pure NS strategy by
Lemma 1, and thus the NS strategy @* in Assumption 1 can be always chosen as pure.
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candidate coalition consists of exactly 2, 4 or 5 agents, whereas all
other joint actions are assigned zero probability under p. Then, we
prove that the pairs (Gy, p) and (G, p) both belong to the class G
stated in Theorem 2. Afterwards, we show that any algorithm ALG
cannot distinguish between (Gj, p), (Gz, p) as both games appear
behaviorally the same from the perspective of the data available
under p, regardless of the size of the dataset obtained by ALG. Let-
ting q be the probability that a joint action a inducing a coalition
of size 5 is sampled from the joint strategy ¢ produced by ALG, we
prove that Gap((p) > q for game G; and Gap(¢) > 1 — g for game
G;. As either g 2 sorl—q> %, the desired follows. O

4.2 Algorithm 1 under Semi-Bandit Feedback

Next, we prove that Assumption 1 is sufficient for learning ap-
proximate NS strategies. Specifically, we derive the utility estima-
tors and their exploration bonuses for which Algorithm 1 has low
duality gap and sample complexity under semi-bandit feedback.
Given an offline dataset S = {(am,v’")}fn’le, for any m € [M]
and each agent i, recall that v"" contains agent i’s realized utility
(m for each agenti # j € Ca , where Ca is the ¢-th candidate
coahtlon formed by a™ for some ¢ € a]". Hence, we use those
feedbacks to estimate each agent’s mean utility from each other
agent i # j € N by the empirical average of the utilities she re-
ceived (if any) from agent j across the entire dataset. Namely, let
= an’le 1{tean a;."} be the number of samples any pair of
agents i, j joined the £-th candidate coalition, where 1{¢ € a]* ﬂa;?’}
equals 1if £ € ai" N a}* and 0 otherwise. Thus, agent i’s empiri-
cal mean utility from another agent i # j € N within the ¢-th
Z% " l} ]l{t’Eamﬂa'"}
N{;v1
estimate agent i’s utility from the partltlon m* = (C})rerk] induced
by any possible joint action a via:

5,‘(3) = Z[eai Zzi]ECa v; (]) (8)

To explore a joint action a more often if it is either promising or
not explored enough, we construct agent i’s exploration bonus
such that it decreases with the increase in Ni‘: ; (here, § € (0,1] isa
confidence level capturing the degree of certainty):

_ /21 (4(n+1)k/5)
bf(a) = Zt’ea,- Zi;tjec; %

4.2.1 Learning Approximate NS Mixed Strategies. As we prove in
Theorem 3, we carefully designed (8) and (9) based on Hoeffding’s
inequality to ensure that Algorithm 1 with the above utility estima-
tors and exploration bonuses has a low duality gap, establishing our
algorithm’s approximation to Nash stability under mixed strategies.

. Afterwards, we

candidate coalition is 6¢(j) =

©

THEOREM 3. Under semi-bandit feedback and Assumption 1, for
any § € (0,1], any dataset size M € N and any NS joint strategy
@*, the joint mixed strategy @ formed by Algorithm 1 with utility
estimators and exploration bonuses as in (8)-(9) satisfies Gap(p°™) <

S5 *
% + €opt With probability at least 1 — J, where:

(4(n+1)k) m [nT—l

F3(n,k,@*) = 8kn(n +1)c?. log

s1ze + Jg]
(10)

and c? Cize 1S the coalition size coefficient in (7).
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PRrOOF. (Sketch) In [12, Appendix E], we first use Hoeffding’s in-
equality to prove that b; as in (9) is an exploration bonus for the util-
ity estimator 9; in (8) for any agent i. After bounding B, _(,* 1) [blfS (a)]
and B,y [bf(a)] for any strategy ¢; € A(A;), we obtain the de-
sired result by Theorem 1. O

For certain values of ¢ > 0, we now conclude that our algorithm’s
sample complexity bound for finding an ¢-NS strategy optimally
depends on ¢ up to logarithmic factors.

COROLLARY 1. Under semi-bandit feedback and Assumption 1,
forany 6 € (0,1], any e > €opy With ot = 0(¢) and any NS joint
mixed strategy @*, Algorithm 1 with utility estimators and explo-
ration bonuses as in (8)-(9) has a sample complexity bound that opti-
mally depends on ¢ (up to logarithmic factors): for a dataset of size

M > f—("k"’ )" (see (10)), ¢° is e-NS (i.e., Gap(p°™t) < ) with

~  (e—eopt

probability at least 1-96.

Proor. (Sketch) In [12, Appendix E.2], the desired follows from
Theorem 3; our optimality guarantees w.r.t. ¢ is by [3, 29]. O

REMARK 4. The scaling with n and k in Theorem 3 and Corollary 1
is inevitable: under Assumption 1, to cover all unilateral deviations of
n agents across k candidate coalitions, the dataset must cover ©(nk)

*
distinct joint actions. Further, the dependence on c;’;ze is sensible, as
its minimum value is at most 3 (see [12, Appendix E.1]). Thus, an
exploration policy satisfying the necessary Assumption 1 with a

small cSl:e always exists, but it may be hard to find. Empirically, our
algorithm still approaches a low approximation to NS for datasets

generated by a uniformly random exploration policy (see Section 6).

4.2.2  Learning Approximate NS Pure Strategies. As we focus on
symmetric POCF games, they always admit a pure NS strategy by
Lemma 1, which justifies learning an approximate NS pure strategy,
unlike asymmetric preferences (see Remark 2). Hence, we can adapt
Algorithm 1 to produce a pure strategy. Indeed, let I; C A(A;) be
the set of agent i’s deterministic strategies, i.e., each deterministic
strategy ¢; € I corresponds to exactly one pure strategy a; € A;,
such that ¢;(a;) = 1 for any agent i and ¢;(a;) = 0 for any other
pure strategy a; # a; € A;. Thus, instead of approximately solving
(6) over mixed strategies, Algorithm 1 can be modified to find a joint
deterministic strategy ¢°"* € T := []%, I; that approximately solves
the minimization problem minyer max;e & [VT’(S (i) —Zf (@)]- See
Algorithm 2 in [12, Appendix E.3] for a pseudo-code of the resulting
algorithm. The approximation to NS and the sample complexity of
the modified Algorithm 1 for pure strategies follow from arguments
similar to Theorem 3 and Corollary 2 (see Appendices E.3-E.4).

5 BANDIT FEEDBACK

Under bandit feedback, we prove that Assumption 1 is insufficient.
Intuitively, as single-agent utilities are unobservable in this setting,
we cannot estimate an agent’s mean utility from any other agent.
This may prevent us from accurately estimating utilities obtained
from unilateral deviations, as required by Assumption 1. Formally:

THEOREM 4. Let G’ be the class of all pairs (G, p) consisting of a
POCF game G and an exploration policy p satisfying Assumption 1.
Then, for any algorithm ALG with bandit feedback, there is (G, p) €
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G such that any joint strategy ¢ produced by ALG satisfies Gap(¢) >
% for the POCF game G, regardless of the dataset size.

PRrOOF. (Sketch) In [12, Appendix F], we build two symmetric
POCF games G; and G, with 3 agents whose utility distributions
are deterministic, where the number of coalitions is at most 3 (i.e.,
k = 3), the action space of each agent is {{1}, {2}, {3}, {1, 2}}, and
both games share the same exploration policy p. Similarly to Theo-
rem 2, both games are built so that their pure NS joint strategies
differ, while p is designed such that (Gy, p) and (G, p) are both in
the class G’ defined in Theorem 4. We then show that any algorithm
ALG cannot distinguish between (Gy, p), (Ga, p), as both games are
behaviorally indistinguishable under the data distribution p, re-
gardless of the dataset size observed by ALG. By arguments similar
to Theorem 2, the desired follows. m]

5.1 Algorithm 1 under Bandit Feedback

To circumvent the impossibility in Theorem 4, we next show how
to use ridge regression for constructing utility estimators with cor-
responding exploration bonuses under bandit feedback.’ To this
end, we first show that the mean utility of each agent i from some
joint action a can be written as an inner product between a vector
capturing all single-agent utilities and a binary vector, indicating
whether agent i and any other agent j join the same coalitions
under a. This allows us to derive an assumption on the information
covered by the dataset, which is sufficient for sample-efficient learn-
ing of an approximate NS strategy with a sample complexity bound
that admits optimality guarantees up to logarithmic factors.

Formally, consider any agent i and any ¢ € [k]. We represent
agent i’s mean mutual utility from interacting with agent j in the
£-th candidate coalition via an n-dimensional vector Gf , whose
j-th coordinate is [6]; = d£ ;- We also define a vector-valued
function y! : A — {0, 1}", where y!(a) is an n-dimensional binary
vector whose j-th coordinate is 1 if both agents i and j join the ¢-th
candidate coalition under some joint action a € A, i.e., [yf(a)] ji=
1{¢ € a; N a;}. We then concatenate agent i’s single-agent utilities
across coalitions into an nk-dimensional vector 6; = [Gf lee(x)> and
similarly definey; : A — {0,1}"% viay;(a) = [yf(a)]ge[k]. Further,
we concatenate all agents’ utilities into an n?k-dimensional vector
0 = [6;]c . Finally, letting 0, be the k-dimensional all-zeros vector,
we denote the concatenation z;(a) = [0x(i-1), ¥i(a), Ox(n-i+1)]-

As di(a) = Yeq, Z,—#Ec? df;j is agent i’s mean utility from a
joint action a € A, then it can be written as d;(a) = (z;(a), 0).
Therefore, under bandit feedback, we can construct a utility estima-
tor 9; for agent i’s mean utility with an exploration bonus b? for
a confidence level § € (0, 1] using ridge regression over a dataset
S ={(a", v’”)}f‘n’f:l to estimate 0 as follows:

6i(a) = (z(a),0)
b)) = Nz@ly-1VB = Vz(a)V1z(a)p
= V7 Ymeim) Zien zi(a™)vi(a™) (11)
V= I+ Ymem) Lienzi(@™)zi(@™) "

2Vn2k + y/n?klog(1 + M/n) + 1

5Qur results in this section extend to learning approximate NS pure strategies by
arguments similar to Section 4.2.2, and are thus deferred to [12, Appendix G.3].
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where 1 = 2log(4(n + 1)k/§). Next, we derive our assumption on
the information contained in the dataset. Intuitively, for any agent i
and any unilateral deviation of agent i from some NS joint strategy,
it ensures that the dataset contains at least as much information as
a sufficiently large dataset generated according to the joint strategy
induced by that unilateral deviation, so that the associated utilities
can be reliably estimated. Formally:

AssUMPTION 2 (AcTION COVERAGE). There exist a universal
constant cyer > 0 and an NS joint strategy ¢* such that, for any agent
i and any strategy ¢; € A(A;), it holds that:

Vel+ McactEa~(¢fi,¢,-) [zi(a)z;(a) "] (12)

Here, V is the covariance matrix of the dataset as defined in (11),
while the right-hand side of (12) is the covariance matrix of joint
actions sampled over Mc,. episodes from the strategy (¢;, $;)
induced by a unilateral deviation ¢; € A(A;) from an NS joint
strategy @*. Thus, to enable accurate utility estimation, Assumption
2 requires that the dataset is at least as informative as a dataset of
Mc,e samples independently drawn from (@*,, ¢;).

Under Assumption 2, we are now ready to prove that Algorithm
1 with utility estimators and exploration bonuses as in (11) has a low
duality gap. In particular, Theorem 5 quantifies the approximation
guarantees to Nash stability obtained by Algorithm 1 with utility
estimators and exploration bonuses as in (11). Formally:

THEOREM 5. Under bandit feedback and Assumption 2, for any
d € (0,1] and dataset size M € N, Algorithm 1 with utility estimators
and exploration bonuses as in (11) outputs a joint mixed strategy ¢°"*
n?k,

satisfying Gap(p°™) < 4 CatM

+ €opt With probability at least 1- 6.

Proor. (Sketch) In [12, Appendix G], we prove that b? in (11) is
an exploration bonus for the utility estimator ¢; in (11) for any agent
i. After bounding B, _(,* 1) [bf(a)] and B, ,* [bf(a)] by n’kp

CactM
for any ¢; € A(A;), we obtain the desired result by Theorem 1. O

For specific values of ¢ > 0, we now infer that our algorithm’s
sample complexity bound for reaching an -NS strategy optimally
depends on ¢ up to logarithmic factors. The proof is by arguments
similar to Corollary 1, and thus deferred to [12, Appendix G.2].

COROLLARY 2. Under bandit feedback and Assumption 2, for any
6 € (0,1], any € > €opt With €opt = 0(€) and any NS joint strategy
@*, Algorithm 1 with utility estimators and exploration bonuses as

in (11) has a sample complexity bound that optimally depends on ¢
16n%kp
Cact(g_énpt)z @

is e-NS (i.e., Gap(¢°™) < ¢) with probability at least 1 — §.

out

(up to logarithmic factors): for a dataset of size M >

REMARK 5. The scaling with n and k in Theorem 5 and Corollary 2
is unavoidable: Assumption 2 requires that the dataset’s covariance
matrix is as informative as if we had sampled from any of the ®(nk)
possible unilateral deviations. Further, the dependence on ca is rea-
sonable: even in games where each agent i can join any possible non-
empty subset of candidate coalitions (i.e., |A;| = 25 — 1), we prove
in [12, Appendix G.1] that there is always a sufficiently large dataset
such that Assumption 2 holds for caer = ﬁ with high probability.
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6 EMPIRICAL EVALUATIONS

We evaluate Algorithm 1 through extensive experiments on several
synthetic datasets [13]. Due to space constraints, we herein focus on
semi-bandit feedback, with bandit feedback results deferred to [12,
Appendix H.2]. Our experiments evaluate how well our algorithm
recovers approximate NS outcomes across various settings.
Setup. For each run, we generate a game with n agents who share
the same action set of size at least 3, sampled uniformly at random
from P ([k])\ 0. Given a joint action a, we sample the mutual utility
of . of each pair of distinct agents i, j in the ¢-th candidate coalition
C? using one of the following two utility generation models inspired

ij

by Boehmer et al. [7]: (1) Size-Dependent Uniform: We first draw
_lel e

oy U s )]
Size-Dependent Gaussian: We first draw a mean y; ; uniformly
at random from [-1,1]. Then, uf ;s drawn from the Gaussian
distribution with mean y; ; and standard deviation 1 — p; ; if 1 ; > 0
and | —1—yp; ;| if p; j < 0, ensuring that vfj € [—1,1]. Finally, we set

uf ; uniformly at random from [-1, 1] and then set vi j

|c2| . L. . .
fj =—L.ul ;- We also considered size-independent and mixed size

effects variants, which showed similar trends to the size-dependent
versions; their results are thus deferred to [12, Appendix H.1].

For each configuration of parameters, we consider two explo-
ration policies for constructing an offline dataset of size M: (1) The
uniformly random policy p™4, where joint actions are sampled
uniformly at random (i.e., p*4(a) = 1/|A| for any joint action
a € A). pd covers all coalition sizes, thus satisfying Assumption
1; (2) To validate the need of Assumption 1, we also consider a policy
p'Rand that does not necessarily satisfy it, which induces a uniformly
random strategy p1* for agent 1 (ie., plR2d(q;) = ﬁ for any
a; € Ay); others always deterministically follow the second action
that was inserted to their action set during its random generation.

Algorithm 1 under semi-bandit feedback then uses the explo-
ration bonuses in (9) with confidence level § = 1072. As exactly
solving (6) in Algorithm 1 is intractable (Footnote 3), we employ
a practical coordinate-descent scheme, widely used in large-scale
optimization for its efficient convergence properties to stationary
points (e.g., [33, 45]). At each round, we update each agent’s mixed
strategy via a convex combination of her current strategy and an
optimistic best response to the estimated empirical utilities of the
other agents. We stop once improvements fall below 1073, This
yields a smoothed best-response dynamics with gradual conver-
gence to per-agent optimistic best responses. Here, all expectations
are estimated by Monte Carlo sampling with 100 samples per term.

—5

Results. Fig. 1 reports the mean approximate duality gap Gap (¢
of the strategy ¢°* produced by Algorithm 1 versus the size of
datasets generated by p™ (top two rows) and p'®2"d (last row) over

5 runs with different seeds. By Lemma 2, c’;@a (¢°"") upper bounds
the true duality gap with high probability, thus quantifying how
close the learned strategy is to Nash stability. The left column exam-
ines the effect of varying the number of agents n € {5, 10, 15, 20, 25}
while fixing k = 5, whereas the right column varies the number of
candidate coalitions k € {5, 10, 15, 20, 25} while fixing n = 10. In
each experiment, we evaluate our algorithm on datasets of sizes
M € {10%,5-10% 104 2-10% 3 - 10*}. For leand, we report only size-
independent uniform utilities; the Gaussian variant shows similar
trends and is thus deferred to [12, Appendix H.1].

out)
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Figure 1: Mean approximate duality gap versus the size of
datasets generated by p™" (top two rows) and p'R*"d (last
row) over 5 runs with different seeds, for varying numbers of
agents (left column) and candidate coalitions (right column).
Shaded regions indicate standard deviations.

Algorithm 1 consistently reaches a low approximation to Nash
stability under p™"9, but fails to do so under p™*2"d, This supports
the practical relevance of Assumption 1: p™™ satisfies it, allowing
effective learning, whereas p'%"d may violate it, yielding poorer
performance. For p““‘d, the scaling in n, k, M also matches Theorem
3, Corollary 1 and Remark 4. For any fixed number of agents n,
the gap decreases rapidly when the dataset size M is small, but
slowly for larger M, consistent with the 1/VM factor in Theorem 3.
Further, obtaining a certain approximation requires larger datasets
as n increases, in line with Corollary 1 and Remark 4.

7 CONCLUSIONS AND FUTURE WORK

We presented a new model for studying coalition formation with
possibly overlapping coalitions under partial information, where
agents’ preferences must be inferred from a fixed offline dataset.
Under both semi-bandit and bandit feedback, we identified con-
ditions under which the dataset covers sufficient information for
an offline learning algorithm to infer preferences and use them to
recover an approximately NS joint strategy. Under those conditions,
we designed sample-efficient algorithms whose sample complex-
ity bounds for learning an e-approximate NS strategy optimally
depend on ¢ up to logarithmic factors for certain values of ¢ > 0.

Our research offers many promising directions for future works.
Immediate directions are exploring additional types of preferences,
solution concepts and models of partial and/or noisy information.
Finally, while we consider datasets with independent samples, com-
mon in offline learning (see, e.g., [20, 21]), studying correlated sam-
ples remains an open challenge, even in single-agent offline rein-
forcement learning (see, e.g., [20, 37]).
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